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Abstract
This paper applies He’s energy balance method to determine the frequency–amplitude relation of the Duffing-harmonic
oscillator, which gives a good estimate for the angular frequency.
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1. Introduction
The study of nonlinear oscillators is of interest to many researchers and various methods of solution have
been proposed. Surveys of the literature with numerous references, and useful bibliographies, have been given by
Nayfeh [1], Mickens [2], Jordan and Smith [3] and more recently by He [4].
There also exists a wide range of literature dealing with the approximate determination of limit cycles for nonlinear
problems by using a mixture of methodologies [5–9].
In this paper, we will apply He’s energy balance method [4,7,10] to construct the frequency–amplitude relation for
a Duffing-harmonic oscillator.
2. Duffing-harmonic oscillator
Conservative nonlinear oscillatory systems are often modeled by potentials having a rational form for the potential
energy [11,12]. An example is the Duffing-harmonic oscillator [13] which leads to the equation of motion
y¨ + Ay
3
B1 + B2y2 = 0. (1)
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Here, y is the displacement and A, B1 and B2 are non-negative parameters. The change of variables
y → u =
√
B2
B1
u, t → t¯ =
(
AB1
B2
)
t (2)
and dropping of the “bar” on t¯ give the following non-dimensional equation which is free of non-essential parameters:
u¨ + u
3
1+ u2 = 0. (3)
It is important to note that, for small u, the equation of motion (3) is that of a Duffing-type nonlinear oscillator
(i.e., u¨ + u3 ∼= 0), while for large u, the equation of motion (3) approximates that of a linear harmonic oscillator
(i.e., u¨ + u ∼= 0). Hence, Eq. (3) was named the Duffing-harmonic oscillator by Mickens [13]. The restoring force
in the equation is the same for both negative and positive amplitudes. Also, the above system has no possible small
parameter, so the classical perturbation methods do not apply to such a problem.
By applying the method of harmonic balance [2] with first harmonic
u(t) = A cosωt, (4)
which satisfies the initial conditions
u(0) = A, u˙(0) = 0, (5)
the angular frequency, ω, for Eq. (3) is obtained as [13]
ω2 = 3
4
A2
(
1+ 3
4
A2
)−1
. (6)
It is worth mentioning that 34 A
2 is the squared angular frequency for the equation of motion: u¨ + u3 = 0, which is
obtained by applying the method of harmonic balance in Eq. (4) and is the lowest order harmonic. The exact angular
frequency for this equation is [13,14]
ω = pi A
2F
(
1/
√
2, pi/2
) (7)
where F(λ, pi/2) is a complete elliptic integral of the first kind with modulus λ [15]. Now define the constant
Φ ≡ pi
2F
(
1/
√
2, pi/2
) . (8)
Thus, the exact angular frequency for the periodic solution to Eq. (3) is
ω2 = Φ2A2(1+ Φ2A2)−1. (9)
Mickens [13] also constructed two non-standard finite difference schemes for numerically integrating Eq. (3).
Tiwari et al. [16] obtained an approximate frequency–amplitude relation for Eq. (3) by assuming a single-term solution
and following the Ritz procedure [17]:
ω2 = 1+
(
2
A2
){
1√
1+ A2 − 1
}
. (10)
More recently, He [4] obtained the angular frequency,ω, for Eq. (3) by applying the homotopy perturbation method,
using only first-order approximation: Eq. (6). In fact, the frequency–amplitude relations (6), (9) and (10) are all
approximate. Exact angular frequency estimates for Eq. (3) are possible only through numerical integration of the
exact angular frequency–amplitude relation of Ref. [18].
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Table 1
Comparison of the angular frequency, ω, estimates of Eq. (3) for the specific amplitude, A
Amplitude A He [4], Mickens [13] Tiwari et al. [16] Present study
Eq. (6) Eq. (9) Eq. (10) Eq. (15) Exact
solution [18]
0.1 0.0863 0.0844 0.0862 0.0862 0.0844
1 0.6547 0.6464 0.6436 0.6516 0.6368
10 0.9934 0.9931 0.9910 0.9931 0.9909
3. Energy balance method
In He’s energy balance method [4,7,10], a variational principle for the nonlinear oscillation is established; then a
Hamiltonian is constructed, from which the angular frequency can be readily obtained by collocation method. This
approach gives results which are valid not only for weakly nonlinear systems, but also for strongly nonlinear ones.
We will apply the proposed method to the Duffing-harmonic oscillator to search for its angular frequency for which
the usual, expansion in a small parameter, perturbation procedures do not apply.
Now, consider Duffing-harmonic oscillator (3) with the initial conditions (5). Its variational formulation can be
easily established:
J (u) =
∫ t
0
{
−1
2
u′2 + 1
2
u2 − 1
2
ln(1+ u2)
}
dt. (11)
Its Hamiltonian, therefore, can be written in the form
H = 1
2
u′2 + 1
2
u2 − 1
2
ln(1+ u2) = 1
2
A2 − 1
2
ln(1+ A2) (12)
or
1
2
u′2 + 1
2
u2 − ln(1+ u2)− 1
2
A2 + 1
2
ln(1+ A2) = 0. (13)
We use the trial function (4) as in the method of harmonic balance to determine the angular frequency ω,
i.e., u(t) = A cosωt .
Substituting (4) into (13), we obtain the following residual equation:
ω2A2 sin2 ωt + A2 cos2 ωt − A2 − ln(1+ A2 cos2 ωt)+ ln(1+ A2) = 0. (14)
Collocate at ωt = pi/4 to find the constant ω:
ω2 = 1− 2
A2
ln
(
1+ A2
1+ A22
)
or
ω =
√√√√1− 2
A2
ln
(
1+ A2
1+ A22
)
. (15)
4. Conclusion
We suggest an attractive method for searching for the frequency–amplitude relation for a Duffing-harmonic
oscillator. The most interesting future of the proposed method is its simplicity. It is apparent from the results presented
in Table 1 that our frequency–amplitude relation (15) gives a good estimate for the angular frequency in view of the
lowest order approximation. We think that the method has great potential and it could easily be extended to some other
nonlinear problems.
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